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Abstract 

Within the framework of inverse seesaw mechanism we 
investigate neutrino mass matrices invariant under cyclic 
symmetry (Z 3 ) with maximal zero texture (6 zero tex¬ 
tures). We explore two different approaches to obtain the 
cyclic symmetry invariant form of the constituent matri¬ 
ces. In the first one we consider explicit cyclic symmetry 
in the neutrino sector of the Lagrangian which dictates 
the emerged effective neutrino mass matrix (jn v ) to be 
symmetry invariant and hence leads to a degeneracy in 
masses. We then consider explicit breaking of the sym¬ 
metry through a dimensionless parameter e' to remove the 
degeneracy. It is seen that the method doesn’t support 
the current neutrino oscillation global fit data even after 
considering the correction from cyclic symmetry invari¬ 
ant charged lepton mass matrix (mi) unless the breaking 
parameter is too large. In the second method, we assume 
the same forms of the neutrino mass matrices, however, 
symmetry is broken in the charged lepton sector. All the 
structures of the mass matrices are now dictated by an ef¬ 
fective residual symmetry of some larger symmetry group 
in the Lagrangian. For illustration, we exemplify a toy 
model based on softly broken A 4 symmetry group which 
leads to one of the combination of mi, m^, Mrs and fi 
to generate effective m v . All the emerged mass matrices 
predict a constraint range of the CP violating phases and 
atmospheric mixing angle along with an inverted hierar¬ 
chical structure of the neutrino masses. Further, signifi¬ 
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cant predictions on PPOv decay parameter \mn\ and the 
sum of the three light neutrino masses (E^rai) are also 
obtained. 

1 Introduction 

Although Type-I seesaw has been most popularly used to 
generate light neutrino Majorana masses, the high scale 
introduced through the incorporation of heavy right chi¬ 
ral SU (2)l x U(l)y singlet (vr) into this mechanism is 
beyond the reach of foreseeable collider experiments. Al¬ 
though the matter-antimatter asymmetry is naturally ex¬ 
plained in this mechanism, lepton flavour violating pro¬ 
cess such as (i -> e 7 are highly suppressed due to the 
new mass scale. An alternative to this scenario is to con¬ 
sider inverse seesaw mechanism (T]-[TT) which contains 
additional left chiral SU( 2 )l x U(1)y singlet field along 
with a low energy keV) lepton number violating mass 
matrix fi. The 9x9 neutrino mass matrix in this mecha¬ 
nism is written as 

( 0 m D 0 \ 

M v = 0 M rs (1) 

\ 0 Mft S fi ) 

with the choice of the basis (z/l, Sl )• After diago- 
nalization the low energy effective neutrino mass matrix 
comes out as 

m v = m D Mftg/i(rn D Mftg) T 

= FhF t 


( 2 ) 



where F = tyidM^. Here tyid and Mrs are Dirac type 
whereas fi is Majorana type mass matrix. The key feature 
in inverse seesaw is that the matrix F plays an analogous 
role to that of in conventional Type-I seesaw. Now 
if one choose ^ 100 GeV and Mrs ~ 10 TeV, the 
light neutrino masses will be ~ 0.1 eV which is protected 
by cosmology. Now due to the fewer number of experi¬ 
mental constraints a plausible approach is to minimize the 
number of parameters in the Lagrangian, in other words to 
consider maximal texture zeros fT2]-[33| in the fundamen¬ 
tal mass matrices. Furthermore, since all the low energy 
neutrino parameters have yet not been fixed, a large num¬ 
ber of studies are devoted on imposing flavour symmetry 
in the Lagrangian to minimize the number of parameters. 
In the present work we adopt two different methods to in¬ 
corporate the above ideas in the context of inverse seesaw 
mechanism. In the first method, to obtain viable neutrino 
mass matrix, we consider maximal zero textures along 
with a cyclic symmetry (Z 3 J] between the generations 
of the neutrino fields motivated by the idea of Harrison, 
Perkins and Scott (34| . However, since cyclic symmetry 
gives rise to degenerate eigenvalues (35}|37) it is neces¬ 
sary to lift the degeneracy and in the first method it is 
achieved through the minimal breaking of cyclic symme¬ 
try in Mrs matrix. However, in this scheme the charged 
lepton correction is unable to satiate all the oscillation 
data simultaneously. Motivated by the first one (as the 
neutrino mass matrices are highly constrained with min¬ 
imum number of parameters), in the second method, we 
concentrate on cyclic symmetry invariant form of the neu¬ 
trino mass matrices rather inquire to the explicit symmetry 
on the fields. Such type of form invariance can be realized 
through the residual symmetry [38-f40| of some bigger 
symmetry group in the Lagrangian. To realize one of the 
sub case, as a toy model we exemplify a softly broken A 4 
group as the bigger symmetry group which is completely 
broken in the charged lepton sector, though in the neutrino 
sector it breaks into Z 3 at the leading order. We partic¬ 
ularly focus the cyclic symmetry (Z 3 ) invariant form of 
m d and fi assuming diagonal Mrs in which residual Z 3 
is broken. One of the combinations of the constituent ma¬ 
trices leads to a bi-maximal type mixing (4l|{46| , there¬ 
fore, to generate nonzero #13 we appeal to the charged 


Motivation of considering cyclic symmetry is that at the leading 
order one of the diagonalizing matrix is Urbm- 


lepton mass matrix which is not Z 3 invariant as well as 
in general non diagonal |47|j50| . It is seen that the other 
emerged effective m v s also fail to explain the oscillation 
data unless charged lepton correction is considered. 

The plan of the present work is as follows: Section [2] con¬ 
tains a qualitative description of the cyclic symmetry and 
texture zeros for two different methods considered. A nu¬ 
merical estimation to obtain the viable parameter space 
satisfying the oscillation data is presented in Section [3] 
Section [4] contains summary of the present work. 


2 Cyclic symmetry and texture ze¬ 
ros 

2.1 Explicit cyclic symmetry and texture ze¬ 
ros 

We assume the following cyclic symmetry in zand 
SiL fields as 


VeL,R —^ VnL,R V tL,R V e L,R, (3) 

S e L S/iL —^ S t l S e L. (4) 

After imposition of the above cyclic symmetry general 
Dirac and Majorana type mass matrices look like 


y i 

V2 

2/3 \ 

(X\ 

X2 

X2 

2/3 

yi 

2/2 

k 

ii 

to 

Xl 

X 2 

m 

ys 

yi) 

\X2 

X2 

Xl 


(5) 


Now if we consider texture zeros along with the cyclic 
symmetry, clearly maximum number of zeros that can be 
accommodated within the above matrices are 6 . In Table 
[l]all the 6 zero textures of rriR> and Mrs are presented. 


Since the low energy lepton number violating mass ma¬ 
trix fi is Majorana type therefore, only one texture with 6 
zeros is possible and is given as 

H 1 =diag(n ( 6 ) 

Now, utilizing Eqn. we construct m u and interestingly 
it is seen that along with diagonal fi any matrix presented 
in Table [T] can not generate phenomenologically viable 
m u , to be precise, all the emerged mass matrices (m u ) 
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Table 1: Texture zeros with cyclic symmetry ofm^ and Mrs 



are diagonal. We now consider the next maximal texture 
zero (3 zero) structure of g , and is given by 

/ 0 M2 M 

M 2 = I M2 0 M2 I • (7) 

\M2 M2 o / 

The above choice of g matrix, along with the matrices 
presented in Table 0 enforces the m v to be nondiago- 
nal. However, since the emerged m v is also cyclic sym¬ 
metry invariant and hence leading to a degeneracy in the 
eigenvalues, therefore removal of the degeneracy requires 
a small breaking of the symmetry. Since our philosophy 
is to find out a viable texture with least number of param¬ 
eters, we consider minimal symmetry breaking in the dif¬ 
ferent elements of Mrs matrix only. For a compact view 
we present Table [2] which contains all the combinations 
and the corresponding neutrino mass matrices ( \m v ) with 

Table 2: Different Composition of ttid and g matrices to gener¬ 
ate m u . 


mo and g 

Mrs 


Mrs 

i 


m v 

m £> 

M 2 

iV 1 

N' s 

N 2 

m 2 D 

M 2 


AT 1 

T/v 3 

m 6 D 

M 2 

“/V 3 


N 1 

1,^,3 

m D 

h 1 

d l,2,3 

d ' 3 > 1 > 2 

d 2 ’ 3 ’ 1 


the definitions Mr S = diag[M\ + e, Mi, Mi), M^ s = 


diag(Mi , Mi + e, Mi), M^ s = diag(M\ , Mi, Mi + e). 
The cp( l=1 ’ 2 ’ 3 ) s are some diagonal matrices of not our 
concern as those are obtained due to 6 zero texture of g as 
discussed earlier. The matrices TV 1 , N 2 and N 3 arise due 
to 3 zero texture of g matrix and explicitly their forms are 
given by 



/ 0 As B 3 \ 

N 3 = [As 0 As] (8) 

\B 3 a 3 0 ) 

with the definition of the parameters as 


* _ M2 yf p _ M2 yf 

' M^+e)' 1 Ml' 


(9) 


Phenomenological consequences : As the left chiral 
neutrino fields obey cyclic symmetry, their charged 
lepton partners also follow the same. Hence, the charged 
lepton mass matrix (mi) is diagonalized by trimaximal 
mixing matrix (38) . In the basis where the mi is diagonal 
the effective neutrino mass matrix will be modified by 
the trimaximal mixing matrix. However, it is found that 
due to the lack of sufficient number of parameters, all the 
mixing angles cannot be obtained simultaneously in their 
3 a range. We also consider the nondiagonal forms of 
Mrs matrices (i.e., all the possible cases given in Table 
[l} and find that the above conclusion is valid for all the 
cases. Now at this stage one could move one step ahead, 
i.e. one may consider three zero texture of mo and Mrs. 
In that case all the constraints from the oscillation data 
can be accommodated undoubtedly. However, in such a 
scenario as the effective number of parameters in the m v 
itself (without considering the charged lepton correction) 
increase, thus, the predictions on the light neutrino 
masses (m*), their sum (X^ra*) and neutrinoless double 
beta decay parameter (|ran|) are less significant (vary 
in a wide range). Thus, since the maximality of zeros is 
our concern, in the next section we present an alternative 
approach to preserve the maximal zero textures of the 
constituent neutrino mass matrices. In this approach the 
required texture zero mass matrices with cyclic symmetry 
in the neutrino sector and simple four zero textures 
with naturally broken Zs in the charged lepton sector are 
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realized from an effective residual symmetry to reproduce 
the forms of m v matrices presented in Table [2]. 


2.2 Cyclic symmetry and texture zeros as 
an effective residual symmetry 

In this section we present a toy model based on A 4 sym¬ 
metry as a bigger symmetry group. Due to spontaneous 
breaking of A 4 , cyclic symmetry (Z 3 ) is preserved only 
in the neutrino sector while the charged lepton mass ma¬ 
trix is obtained with four zero Yukawa texture with decou¬ 
pled third generation. Thus charged lepton correction also 
plays a crucial role to fit the extant data. However, before 
going into the detailed discussion, we would like to men¬ 
tion that although there are several cases in the analysis, 
we present a toy model only for one case. Furthermore, 
the symmetry group A 4 is not the only group to realize the 
cyclic symmetry with the texture zeros. Other symmetry 
groups such as £ 4 , U (1) b-l etc. (38 51-53) can also lead 
to Z 4 invariance in the neutrino sector due to their spon¬ 
taneous breaking. Now let us recall the problem we faced 
in the previous section. First, the maximal zero textures 
with cyclic symmetry in the neutrino sector do not enter¬ 
tain cyclic symmetry invariant form of the charged lep¬ 
ton mass matrix as far as the present experimental data is 
concerned. Apart from that one also needs to break cyclic 
symmetry in the neutrino sector since at the leading order 
it leads to a degeneracy in masses. Here, in the charged 
lepton sector, breaking of Z 3 is obtained due to sponta¬ 
neous breaking of A 4 whereas in the neutrino sector the 
breaking scheme is similar to the previous section, i.e. the 
degeneracy is removed by due to a soft breaking term (e) 
in the elements of Mrs . Thus we need the structure of 
Mrs due to minimal breaking as 


M rs = diag M 2 ) ( 10 ) 


the present oscillation data at > 10<x level (54) . Thus to 
generate nonzero #13 corrections from the charged lep¬ 
ton sector |47||50l[55l should be taken into account. As 
a simplistic scenario, in this section we consider correc¬ 
tions from all the three sectors of mi . These simple struc¬ 
tures of mi are well motivated by popular discrete fla¬ 
vor groups which are used to explain neutrino mass and 
mixing. Here we consider A 4 as the flavor symmetry 
group. However, there are other groups, e.g. £4 (56) , 
Z 6 [50]| etc. which can also lead to these structures of 
mi. Interestingly, all the emerged m u which arises from 
Mrs = diag (Mi, M 2 , M 3 ) also require charged lepton 
correction which we discuss in the next section. Although 
there are several papers on A 4 symmetry we are motivated 
by Ref CD- We discuss the required A 4 model in brief. 

Table 3: Field content of the model with lepton and scalar as¬ 
signment 



L 

Ur 

Nir 

SlL 

^cht 0 ch 


£RS 


SU(2 ) l 

2 

1 

1 

1 

2 

2 

1 

1 

z 3 

UJ 

1 

UJ 

cu 2 

UJ 

1 

UJ 

cu 2 

z 2 

+ 

+ 

- 

+ 

+ 



+ 

a 4 

3 

3 

3 

3 

1,3 

1 

1 

3 


Fermionic part of the Lagrangian consists of four part as 
shown below 


^rriass ~ ^ch + ^Dirac + CrS + C ss . (11) 

Explicitly each term is written as 

£m 4 ass = YchLlR^ch + £c/i) + Y D LNr^ D 

+Y m S l NrZrs + Y u S^Sl^ + h.c ( 12 ) 


with Mi = M 2 +e, to generate AT 1,2,3 type mas matrices 
shown in Table [2] Obviously such choice of Mrs matri¬ 
ces with all nondegenerate eigenvalues are also consistent 
with the oscillation data. Although there are several effec¬ 
tive m u arises due to suitable combinations ofmp,g and 
Mrs , of them N 1 type matrix is a two parameter fir sym¬ 
metric matrix with zero diagonal entries. Consequently, 
the matrix leads to vanishing #i 3 which is discarded by 


with the following choice of the alignment £ c h v^ h >, 

<t>ch ~< o, 0 , v* h >, in ~< v% >, ins ~< v c RS > and 

>• With such choice of VEV one can 
realize the charged lepton correction from 1 — 2 sector 
and the structures of m]j and /i 2 along with the structure 
of Mrs as 

Mrs =diag(M,M,M). (13) 
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Here we assume A 4 group is generated by two generators 


a 

0 

0 \ 

( 0 

1 

0\ 

5=0 

-1 

0 > 

0 

II 

0 

1 

\0 

0 

-1 

\1 

0 

0/ 


The three dimensional representation satisfy the product 
rule 

3 x 3 = 1 + 1' + 1" + 3 5 + 3 a (15) 

where 

1 = a\b\ + <22^2 a 3^3 (16) 

1' = aibi + u 2 a 2 b 2 + C oa 3 b 3 (17) 

l" = aibi + ua 2 b 2 + oo 2 a 3 b 3 (18) 


of Mrs matrix given in Eqn.(l0| along with m x D and /x 2 . 
First we consider the N 1 matrix which is given by 

(0 yp yp\ 

N 1 = m v = I yp 0 y (22) 

\yp y 0 ) 

with y = p 2 y 2 / p = M 2 /Mi. The matrix of Eqn. 
( | 22 | ) is diagonalized by the unitary mixing matrix U v 
given by 

( C12 ^12 0 \ 

- 72 s12 72 Cl2 ~ 72 ) ( 23 ) 

-72 s12 7 I Cl2 71 J 

where 


and 


( a 2 b 3 + a 3 b 2 a 3 b x + a t b 3 a x b 2 + a 2 bi 
= (-o->-3-’-3-) ( 19 ) 


3a = ( 


2 2 2 
a 2 b 3 - a?>b 2 a 3 bx - aib 3 a\b 2 - a 2 bi N 


( 20 ) 


Thus, A 4 is spontaneously broken in the charged lepton 
sector such that there is no effective Z 3 symmetry, how¬ 
ever, the neutrino sector enjoys an effective residual Z 3 
symmetry. As previously mentioned, Z 3 in Mrs should 
be broken, we consider soft A 4 breaking term in the La- 
grangian which is well studied earlier |57|{59| . We con¬ 
sider C s °5 l as 


£ soft = e a 0 S aL N pR ( 21 ) 

where e a y ( a ,p= 1,2,3) is a coupling constant with mass 
dimension one and the double indices do not mean the 
summation over the indices. The term contributes to the 
(a,/3) element of Mrs and breaks the residual Z 3 sym¬ 
metry. Now if we choose (a, f3 = 1) then the soft term 
contributes to ( 1 , 1 ) element of Mrs which in turn gener¬ 
ates N 1 type m v with m x D and p 2 . In the following two 
sections we present detailed analysis of all the emerged 
m v . 

2.2.1 Two degenerate eigenvalues of Mrs 

The matrix of type N 1,2,3 can be realized by changing 
the nondegenerate value at three different diagonal entries 


c 12 



1 

7i+8 p 2 


V 2 


and 


512 



1 

2 y/l+ 8 p*' 


(24) 


Interestingly, if p 00 (M 2 >> Mi) we can have the 
well known bi-maximal mixing of neutrino masses. The 
eigenvalues of m u are given by 

~m 1 = I (y - a /1 + 8 p 2 y) 

m 2 = l(y + \/l + 8 p 2 y) 

-m3 = ~y (25) 

where rn 2 > mi > m 3 . Now defining A m 2 sol = 

m 2 — m 2 and Am 2 trn = m 2 — m 2 we get an explicit 

relationship between A m 2 sol and Am 2 tm as 


Am 


2 

atm 


1 Aw L 

2 y/l + 8 P 2 


(4 P 2 


1 ) + 



(26) 


from which we obtain an approximate range for p 
through the experimental inputs of 3cr ranges. In 
order to generate nonzero #13 we invoke contri¬ 
bution from the charged lepton sector in the fol¬ 
lowing way. We consider Altarelli-Ferugilo-Masina 
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parametrization 


for U pm ns which is written as 


Upm ns = UjUv = Ujdiag{— e^ 1 , e^ 2 , l)U u x 
diag(l,e ia ,e l ( (3 + Scp>) ), where Ui diagonalizes the 
charged lepton mass matrix and Ui follows usual CKM 
type parametrization as 


Ut = R(e 23 )R(di 3 ,6)R(e 12 ) 


with 


R( 0 is, 6 ) = 


and R(612) = 


0 


° ) 

1 A 23 

A 23 I 

1 — A 23 


\A - A 23/ 

\/l-“ A 13 

0 

A 13 e* > 

0 

1 

0 

-\i 3 e~ iS 

0 

\A - A 13> 



> 

to 

0 

“ A 12 

V^l A 12 0 


(28) 


>mi 


m- 


12 


Ui and the elements of U pm ns can be written as 
U n = -e^l-A? 2 c 12 - ±=\- 12 e^s 12 


(27) 


E/12 = -e^yi - Af 2 s 12 + —Alae^da, 

C/i 3 = - 2 =A 12 e^ 

V 2 

C/ 22 = -A 12 e^s 12 + -h^/l-Afae^da 

^ 2.3 = -^ v/l-A?^, C /33 = ^ (29) 

and hence the three mixing angles come out as 


sin 0i3 = |E7ia | = ^| 

|C2i21 _ ^12(512 — \/2 COS [01 — 02]ci2A12) 
1^111 Ci 2 (ci 2 + \/2 COS [01 — 02 ]<Si 2 Ai 2 ) 


tan# 


12 




tan#23 = = \ 1 ~ A i2- ( 30 ) 

The measure of CP violation Jcp can be written in terms 
of the mixing matrix elements as 


Jcp = 


sin (02 — 0 l)ci 2 ^ 12 A 12 

2 V 2 


along with A^ = sin 6 {j . 

As we are considering CKM type mixing matrix there¬ 
fore, we expect small mixing in the charged lepton sector. 
Moreover the small value of reactor mixing angle also 
enforces the value of A to be small. The textures of the 
charged lepton mass matrices are presented in Table]?] 
where ‘x’ corresponds to some nonzero entries in mp 
Considering |e a =( e M/r ) > to be the flavour eigenstate 
and | ei > the mass eigenstate of the charged leptons we 
address three possible cases corresponding to the three 
textures of m\ for modifications of U u . 


and hence the Dirac CP phase Scp is obtained as 

Jcp 


sin Scp = 

with the definition of £2 as 


Q 


Q — C'12 C 13 C 23 S 12 S 13 S 23 


(31) 


(32) 


(33) 


where s'- =>* sin % and cC =>* cos Oij are the usual 
mixing parameters in the CKM part of Upmns which is 
defined as 


Upmns = PqJJckmPm 


(34) 


Case I: \e T >f lavour = \ ei > r ‘ 

In this case U v is modified by the 1-2 sector (R (6 12 )) of 


with P a = diag(e iai , e ia2 , e ia3 ) as the unphysical phase 
matrix, Uckm = Ujdiag(—e 1 ^ 1 , e 2 ^ 2 , l)U u and Pm = 
diag(l, e m , e l ^ +Scp ^) as the Majorana phsae matrix. 
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Table 4: Texturs of the charged lepton mass matrix (mi) 


4 zero textures of mi 

(x x 0\ 
m} 2 = I x x 0 
\0 0 xj 

1 

/x 0 x \ 
m * 3 = I 0 x 0 
\x 0 x) 

1 

/x 0 0\ 

m? 3 = 0 x x 

\0 x xj 


We use other two rephasing invariant quantities to calcu¬ 
late the Majorana phases as J47| 


(35) 


a = arg(U^U 12 ) 

P = arg(U 13 U^) 

and thereby the phases come out as 

\/ 2 sin ((/>2 — </>i)Ai 2 


tana = 


V^COS (<j>2 - <^l)(Ci 2 - S^ 2 )Ai2 - 2C12S12 


and 


tan f3 = 


sin(^> 2 - <t>i)ci 2 


V2,COs(4>2 - 4>l)ci2 + S 12 A 12 


(37) 


,13 


Case II: |e M >f^our = | e . >m ass , m ^ m i 

In this case modification to U v originates from 1-3 sec¬ 
tor (R(6 13 , £)) of Ui and the elements of Upm ns can be 
written as 


Un = 


\A - ^13 C12 “ y^Ai 3 e* l5 si2 


U 12 = — e 1 ^ 1 y 1 — Af 3 si 2 + y|Ai3e* l 5 ci2, 
(/is = -^A ls e« 


Proceeding in the same way as discussed in Case I, Jcp 
can be written in terms of the mass matrix elements as 


Jcp = 


sin(<^>! - t))ci 2 Sl 2 Ai 3 

2 V 2 


and 


(36) 


sin<5cp = 


Jcp 

n 


(40) 


(41) 


tan #12 = 


l^nl C 12 (c 12 + \/2cos [S - 4>i]si 2 Xis) 


tan 0 2 s = 


\U23\ _ 

I ^331 V 1 _ A i; 


where Q is already defined in Eqn ( [33] ). Finally the Majo¬ 
rana phases are calculated as 


tana = 


A/2sin(£ - 0i)Ai3 


\/2 cos(£ - 0i)(c ? 2 - Si 2 )Ai 3 - 2 c 12 s 12 


and 


tan /3 


sin(£ - 0 i)ci 2 


V / 2cos((5 — 0 i)ci 2 + 512 A 13 


(42) 


(43) 


>mi 


m 


23 


C /22 = ^c 12 ,C / 2 3 = -^=,CC 3 3 = - A ? 3 (38) 

and hence the three mixing angles come out as 

sin #13 = |C/i 3 | = 

|^ 12 | ^ 12(512 — \/2cos[5 — 0l]ci2 A 13 ) 


= . (39) 


13 


Case III: \e e >f lavour = | e . 

For this texture of mi (alternatively R(6 2 s) as the mix¬ 
ing matrix) it is not possible to generate # 13 , hence is not 
taken into account. 

We also consider the other two matrices N 2 and N 3 
and obtained all the mixing angles and eigenvalues. 
However, from numerical estimation it is found that both 
the cases do not admit the present experimental data and 
hence discarded. 


2.2.2 All nondegenerate eigenvalues of Mrs 

Taking three different 6 zero textures of ra£>(ra^ 2,3 ) and 
one 3 zero texture of /i(/i 2 ) with the Mrs as 

Mrs = diag(M\,M 2 , M 3 ) (44) 
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Table 5: Input experimental values j611 


we construct three different textures of rn u using inverse 
seesaw formula and they lead to 


/ 0 yp ypq\ /0 yq yp\ 

ml — I yp 0 yq \ , ml = \yq 0 ypq I , 

\ypq yq 0 / \yp ypq 0 / 

/ 0 ypq yq\ 
ml ~ I ypq 0 yq\ 

\ yq yp o / 


Quantity 

3cr ranges 

|Am^| (N) 

2.30< Am^JWeV^ 2 ) < 2.64 

1 Arnold) 

2.20< Am^lOW-^) < 2.54 

> 

to to 

7.11< Am^lO'W- 2 ) < 8.18 

#12 

31.8° < 0i2 < 37.8° 

#23 

39.4° < 023 < 53.1° 

#13 

8 ° < 0i3 < 9.4° 


where p = M 2 /Mi and q = M 2 /M 3 and y = pyf /Mf 
for each m l u . Now in the basis where the charged lep¬ 
ton mass matrix is diagonal one can easily construct the 
effective m v s as 


m vf = tfmiur 


(46) 


where Ui is already defined in Sectior jZXTj Since we are 
considering three specific textures of the charged lepton 
mass matrices (Table [4]), therefore, for a given m v we can 
construct three m v f taking contribution from each sec¬ 
tors of the charged leptons. Hence, we have altogether 
9 effective mn v f. We consistently denote them as m v f^ 
after getting correction from the ‘ij’th sector of Up We 
do not present explicit structures of all the mass matrices. 
However, numerical estimation for each viable matrix is 
presented in the next section. 


3 Numerical analysis and phe¬ 
nomenological discussion 

i) Two degenerate eigenvalues of Mrs 

Before going into the details of the numerical analysis 
an important point is to be noted that except tan #23 the 
expressions for the physical parameters obtained in Case 
II are the same as that of the Case I if we replace A 13 by 
A 12 and S by 02 and therefore the numerical estimation 
for one case can be automatically translated to the other. 
Therefore from now on in a generic way we rename A 12 
and A 13 as A. 

We consider small mixing arises from the charged lep¬ 
ton sector and accordingly written down the expressions 
for the physical parameters with the terms dominant in A. 
Moreover, the smallness of #13 automatically implies that 
the order of A should be of the order of Sine of the reactor 


mixing angle. Taking into account the neutrino oscilla¬ 
tion global fit data presented in Table [ 5 ] we randomly vary 
A and 0 2 — 0 i within the ranges as 0 < A < 0.3 and 
—180° < 02 — 0 i < 180° and scan the parameter space. 
It is seen that the matrices of type N 2 and N 3 are not phe¬ 
nomenologically viable (even after considering charged 
lepton contribution ) as far as the present neutrino oscil¬ 
lation data is concerned. For TV 1 type matrix we plot in 
figure [T] the variation ofpVsy, A Vs $2 — $1 and A Vs 
#13 and it is depicted from the plots that the parameters y 
and p vary within the ranges as 0.00071 < y < 0.00087 
and 38 < p < 51 which is presented in the extreme left 
of figure [T] The ranges of A and 02 — 0 i are obtained 
as 0.197 < A < 0.231 and 35.5° < 0 2 - 0 i < 74°, 
-35.5° < 02 - 0 i < -74° as one can read from the 
middle plot of figure [l] Now since | U e 3 1 is directly pro¬ 
portional to A it is needless to say that there is a linear 
variation of | U e 3 1 with A and is depicted in the last plot of 
figure [T] As tan #12 has a strong dependence on 02 — 0 i 
we also present the variation of #12 with 02 — 01 in the 
extreme right panel of figure [2] The atmospheric mixing 
angle #23 doesn’t deviate much from 45°. For Case I, #23 
is smaller than the bi-maximal value while for the Case II 
it is slightly enhanced and we plot them in the first two 
figures of figure [2j This is a distinguishable characteris¬ 
tic between the two cases. Now as the CP violation in 
Upmns is solely controlled by the phases arising from 
the charged lepton sector therefore we expect a great de¬ 
pendency of Sep on 02 — 0 i (5 — 0 i for Case II) and 
a correlation between the CP phases. We plot Scp with 
02 — 0 i in the extreme left panel of figure [3] while the 
correlation of the Majorana phases with Sep is shown in 
the other two figures of figure [3] The ranges of the Dirac 
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CP phase 5c p is obtained as 38° < \5cp\ < 85° while 
the Majorana phases are constrained as 30° < |/?| < 65° 
and 8 ° < \a\ < 17°. The Jcp value is obtained within 
the range as 0.017 < \Jcp\ < 0.04 as one can read from 
the extreme left plot of figure [4] The model predicts in¬ 
verted hierarchy of the neutrino masses which is explicit 
from the second figure of figure]?] We also obtain a range 
on the sum of three light neutrino masses as 0.0953 eV 

< Tiirrii < 0.1026 eV and a range of \mn\ as 0.03 eV 

< |mn| < 0.048 eV which are well bellow the present 
experimental upper bound 0.23 eV and 0.35 eV respec¬ 
tively 162). 

Before closing the discussion we would like to mention 
that although charged lepton correction to fir symmetric 
matrix is studied before |47H50| , here we consider a two 
parameter structure of a fir symmetric matrix which is 
much more predictive than the previous ones. As for ex¬ 
ample in our model CP violation arises completely from 
the charged lepton sector as our mass matrix consist of 
two real parameters. Thus mixing in the charged lep¬ 
ton sector dictates a common origin of 0 13 and the CP- 
violating phases. In our analysis the Dirac and Majorana 
phases are significantly correlated. Thus only the mea¬ 
surement of CP violating phases can challenge the via¬ 
bility of the present model |[56j. With the recent hint of 
T2K, nearly maximal CP violation (63j is also allowed 
here which in turn fixes the Majorana phases and thus the 
double beta decay parameter \mu\. The allowed occur¬ 
rence of inverted hierarchy puts a lower limit to \mu \ as 
shown in figure [5] One can see a very narrow range of 
| mu | is allowed. Thus significant development of the ex¬ 
periments like GERDA and EXO can test the viability of 
the model. Finally the constraint range of the sum of the 
light neutrino masses is also a major result of the analysis 
as Tiiirii ^ 0.1 eV at 4 <j level is expected to be probed by 
the future astrophysical experiments. 

ii) All nondegenerate eigenvalues of Mrs 

In this category there are 9 structures of effective rn y 
matrices. We diagonalize them through a direct diago- 
nalization procedure ]35| and calculate the eigenvalues, 
mixing angles. It is seen that the matrices m^ 23 , m ^ 23 
and m^j 23 are phenomenologically ruled out. To be more 
specific one needs A 23 1 which is not be the case. Pro¬ 

ceeding in the same way as that of the previous section we 
estimate the ranges of Jcp, 5c p, ol, /3, |mn| and 


for the survived matrices. The hierarchy of the neutrino 
masses for all the cases is inverted. The predictions of the 
viable matrices are listed in Table [ 6 ] In figure [ 6 ] we plot 
the lightest eigenvalue with |ran|. 

Before concluding this section we would like to mention 
that the charged lepton correction to the matrices given in 
Eqn. ( [45] ) (with all diagonal entries zero) are also studied 
in Ref~fr 6 |. Particularly the classes 44 and 3i p 6 ) re¬ 
spectively resemble mi and m v matrices considered here 
in the present work. However, in Ref. p 6 ) these cases are 
categorized as less predictive due to large number of pa¬ 
rameters (10 real parameters) and hence the results are not 
presented. However in the present work, those cases con¬ 
tain less number of parameters (7 real parameters) since 
the structure of Mrs matrix is flavour diagonal (p and q 
parameters defined in Sectior [Z2!2| are real) and we esti¬ 
mate the prediction for these cases regarding |ran |, 

5cp etc. 

Some concluding remarks regarding predictions of the 
present scheme: 

1. We see the hierarchy of neutrino mass predicted in 
all the cases is inverted. This can be testified in the 
near future through the combined analysis of NO v A and 
T2K |64| experimental data with the aid of the knowledge 
of precise # 13 . The Majorana phases do not appear in 
neutrino neutrino oscillation experiments, however, 
they may appear in neutrino —anti neutrino oscil¬ 
lation experiments. Although these experiments are dif¬ 
ficult to design, however, in an optimistic point of view 
we expect the prediction for the Majorana phases in this 
model will also be tested in future experiments. 

2. The predicted value of obtained in the present 
model could also be tested in the near future through more 
precise estimation of due to a combined analysis us¬ 
ing PLANCK data (62| and other cosmological and astro- 
physical experiments |65][66) . The value of ~ 0.1 
eV at the 4 a level could be probed through such analysis 
for the inverted ordering of the neutrino masses. 

3. The Dirac CP phase 5cp predicted in this work will be 
tested at NO^A, T2K and DUNE (67] in near future. 

4 Summary and Conclusion 

Within the framework of inverse seesaw, we study the 
phenomenology of maximal zero textures and cyclic 
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symmetry in the neutrino matrices. We adopt two 
different schemes to accommodate the present oscillation 
data. In the first approach we consider explicit cyclic 
symmetry on the relevant fields which leads to degenerate 
eigenvalues. To remove the degeneracy in the eigenvalues 
we incorporate explicit symmetry breaking term in the 
Lagrangian. It is seen that even after considering the 
charged lepton correction from the cyclic symmetry 
invariant mu present oscillation data can not be explained 
and hence the first approach is discarded. In the second 
one, we concentrate on the same form of the neutrino 
mass matrices which can be realized through an effective 
residual symmetry of some bigger symmetry group in 
the Lagrangian, in which cyclic symmetry in the charged 
lepton sector is broken after spontaneous breaking of 
the bigger group. Further we exemplify a toy model 
with softly broken A 4 symmetry to realize one of the 
combinatorial structure of effective m v . To fit the 
oscillation data charged lepton correction from different 
sectors of Ui is considered along with a soft breaking 
term in Mrs which removes the degeneracy in masses. 
Each cases predict a highly constrained ranges of CP 
violating phases, \mn\ and along with inverted 

ordering of the neutrino masses. 
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Table 6: Predictions of the viable matrices. 



Six predicted quantities 


|« 5 cp | (deg.) 

M (deg.) 

\P\ (deg.) 

\Jcp\ 

£ iirii (eV) 

|m n |(eV) 

m lfl2 

100 - 23 

-80 - 12 

-63 - 23 

0.01 - 0.04 

0.09-0.12 

0.026 - 0.048 

m in2 

98-34 

92-18 

78-0 

0.015-0.38 

0.07-0.108 

0.029 - 0.049 

m ifi2 

88-0 

71-37 

62-35 

0.012-0.036 

0.07-0.1 

0.029 - 0.048 

Km 

100 - 20 

85-10 

60-20 

0.01-0.04 

0.09-0.14 

0.031 - 0.05 

Kfl3 

94-35 

100 - 18 

81 - 14 

0.012-0.038 

0.07-0.132 

0.032 - 0.049 


102 - 17 

82-26 

62-21 

0.017-0.04 

0.08-0.15 

0.028 - 0.048 



Figure 1: (colour online) Correlation plots: Extreme left plot represents y Vs p while the middle one shows A Vs 02 — 0i for Case 
I. For Case II we get the same plot just by replacing 02 — 0 i with S — 0i and finally the plot in the extreme right shows the variation 
of A with 0i3 for both the cases. 



Figure 2: (colour online) The first figure (the red line) shows the variation of the atmospheric mixing angle (023) with A for Case I 
while the second one (the green line) shows the same for Case II. The last one represents the correlation between 0i2 and 02 — 0i 
for case I. We get the same plot for case II by replacing 02 — 0i with 5 — 0i. 


[24] A. Kageyama, S. Kaneko, N. Shimoyama and [25] W. Wang, Phys. Rev. D 90, 033014 (2014) 
M. Tanimoto, Phys. Lett. B 538, 96 (2002) [hep- [arXiv: 1402.6808 [hep-ph]]. 
ph/0204291]. 
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Figure 3: (colour online) The plot in the extreme left side shows the variation of 0 2 — 0i with Scp for Case I and we get the same 
plot for Case II by replacing 02 — 0i with S — 0i while the other two plots show the correlation between the Majorana phases with 
Scp and are same for both the cases. 
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Figure 4: (colour online) The first one shows the variation of Jcp with Scp , the second one stands for the inverted hierarchy of 
neutrino masses and last one shows a correlation between X^m^ with m 3 and all the plots presented in this figure are same for both 
the cases. 
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Figure 5: (colour online) Lightest eigenvalue (m 3 ) Ys \mn \ plot. The gray band shows the range of |mn | allowed by the present 
oscillation data with all the CP phases within the range 0 — 2n. The small red coloured band is allowed in our model. 
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Figure 6 : (colour online) Lightest eigenvalue (m3) Vs |mn | plot: For all nondegenerate eigenvalues of Mrs. The first three figures 
of the first row are shown for the matrices and the figures in the second row are shown for the matrices rn^J x 3 2 ’ 3 ^. 
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